
 

We saw thatthe RF is a quasilinearparabolicPDEand is a nonlinear

heatequation for a Riemannianmetric

moveover Rm Ric R etc all satisfy heattypeequations w reaction

terms being quadratic So from the theoryof parabolicPDEsof
functions we expect that if wehavebounds on the geometryof M9
then this would indule a priori bounds on the geometryofg t

We see thisherefor Rm t There are called Bernstein BandoShe

estimates

Theorem Bando Shi Hamilton
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Remarks 1 the estimates followparabolicrescaling

2 Theestimates deteriorates as t o whichis thebestwhich we can do
w o anyother assumptions on 90



Core Long timeexistence If gois a smoothmetric on closedM the

unique 507 g t ofthe RF w 9107 9 exists on a maximaltime

interval 0 t LT a Moreover TC only if

In Rminity
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Let's startby computing the evolution of IRm1 along theRF

Lemme Along the RF
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Cow Doubling time estimate Cso C can sit fora so g t

ofthe RF on 0 T we have

11
Rment get

112m no gino

Fte 0 min
T.su nto

Remart This showswhy we can assume a boundfor112m for a
short time

Poof Wehave

at Rm1 Δ1Rml 2 4km17 CIRm1
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now no x is a locallyLipschitzfunction we can use the

max principle let
gypRm

nit S then the PDE is
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we need to solve the ODE
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the max principle tells us that

SH

17
as long as tf 01T satisfies

For c 1 we get SH 2510 2510

2 Slot

for te 0 min T and c cin

Proof of theglobalderivative estimates

Digressions
suppose we have a degree 1 tensor Qalongthe

RF Recall the formulafor its derivative
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Moreover
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8 when we take the time derivativeof quantities like ITIQI

we shouldkeep in mind the evolutionof Q P andg
t

notation A B will denote any quantityobtainedfrom A B

by either summation overpairsofmatchingupperand lower

indices or contractionbyusingg or havingconstants

depending only on n or rank A rank B

eg in this convention
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we come back to the proof The proofis byinduction on m
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The problem w this is that we do nothaveanycontrol on IRMI

at t o forapplying the maximumprincipleand we cannotget
rid of the ITRmI RMI term b c it isnot negative
we notice that in that 2 1Rm1 has 21YRm1 term in it

so if we can combine IRmI and 14PM72term in sucha way
thatthegood terms from 2 IRMI take care of badtermsof2tIIRm
then we'll be in business

Define the function

F tIIRm1 β IRm7 w β a constant to be

chosen later

note if godg there IRm1 1 412m12
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ITIRM by a factorof t dist so as to makethe function F

dimensionless
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Re TMRM.FMRm
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Using the Young'sinequality on m KIFmrml CmIMRmI
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Fm waschosen so that thegoodterms 2171
tm 14m Rml

Obtainedbydifferentiating TIMKRm1 compensate forthe badterms

11T m k 1 m k Im Rm which are obtainedwhen

we differentiate term

weget
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